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Deformation equivalence classes of complex 
surfaces with the hrst Betti number one, and the 
second Betti number zero 

Murakami Shota 


II 

Abstract 

We will prove that the number of deformation equivalence classes of 
surfaces homotopy equivalent to a smooth, closed 4-manifold is finite, if 
the first Betti number is equal to one, and the second Betti number is 
equal to zero. 


Introduction 

Recently, the study of compact complex surfaces has made many outstand¬ 
ing progresses. One of the topics in this area is to investigate the discrepancy 
between homotopy class, homeomorphism class, diffeomorphism class and defor¬ 
mation equivalence classes of surfaces. In this paper we ask whether the number 
of deformation equivalence classes of surfaces homotopy equivalent (or diffeo- 
morphic) to a smooth closed 4-manifold is finite or not. For this problem, the 
celebrated Yau’s result [T2] states that any surface homotopy equivalent to CP^ 
is biholomorphic to CP^, hence there exists only one deformation equivalence 
class of surfaces homotopy equivalent to CP^. According to [3], the number 
of deformation equivalence classes of surface diffeomorphic to M is finite, if M 
is a smooth, closed 4-manifold M with bi{M) ^ 1. It is also known that the 
number of deformation equivalence classes of surfaces homotopy equivalent to 
M is finite if and only if M is not homotopy equivalent to an elliptic surface 
whose fundamental group is finite cyclic. Our result is an affirmative answer for 
M with bi{M) = I and b 2 {M) = 0. 
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Main Theorem Let M he a smooth, closed 4-manifold with bi{M) = 1 and 
b 2 {M) = 0. Then the number of deformation equivalence classes of surfaces 
homotopy equivalent to M is finite. 

Our strategy is as follows. Let S' be a compact surface with &i(S) = 1 and 
& 2 (S) = 0. By the Enriques-Kodaira classification [1] and the results of Bogo- 
molv [2], and Teleman [10], S is biholomorphic to an elliptic surface, a Hopf 
surface, or an Inoue surface. We first assume that S is an Inoue surface. We 
show that S cannot deform to surfaces other than Inoue surfaces by compar¬ 
ing the fundamental groups. The fundamental group also distinguishes all the 
Inoue surfaces homotopy equivalent to S. We show that the number of deforma¬ 
tion equivalence classes is finite by constructing biholomorphic maps explicitly. 
Then, we will prove the theorem for elliptic surfaces and Hopf surfaces using 
the results of [3]. 

We remark that the classification of surfaces with bi = 1,&2 > 0 and Ko- 
daira dimension —oo, remains open. It is conjectured that S contains a global 
spherical shell [IT] if S' is minimal. If this conjecture is proved affirmatively, |3] 
and [5] implies that any surface with bi = 1 and 62 > 0 is deformation equiv¬ 
alent to a surface with 61 = I, &2 = 0 blown up finitely times. Hence, by our 
main theorem, it follows that the number of deformation equivalence classes of 
surfaces diffeomorphic to a closed 4-manifold is finite. 

1 Inoue surfaces of type 

In [ 6 ], Inoue constructed surfaces with 61 = I, 62 = 0. We follow |5] to divide 
them into three types; type S°,S+, and S~. We begin by recalling the definition 
of Inoue surfaces of type S°. 

Let M = {rriij) £ SL{3, Z) be a matrix with eigenvalues a>I,/3,,5€C\R. 
We choose eigenvectors a = ^( 01 , 02 , 03 ) £ and b = ^( 61 ,^ 2 , ^ 3 ) £ of 
M corresponding to a and /3 respectively. Define Gm to be the subgroup of 
Aut(IHI X C) generated by 

50 : (w^z) ^ {aw^Pz), (I) 

gi : {w,z)i-^ {w + ai,z + bi), ( 2 ) 

where i = I, 2, 3, and H is the upper half complex plane. The quotient surface 

o b = ^ C/Gm is called an Inoue surface of type S°. 

Recall that two complex manifolds Si and S 2 are deformation equivalent if 
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there exists connected complex manifolds x a smooth proper holomor- 

phic map tt : % —^ i?, and two points ti,t2 S B such that 7r“^(ti) is biholomor- 
phic to Si- In [ 7 ], Inoue showed that if S' is a surface whose fundamental group 
is isomorphic to 7ri(S^ „ 5), then S is biholomorphic either to S^ a b a h’ 

He also showed that S^j ^ ^ and S^ ^ ^ are not deformation equivalent. Hence, 
the number of deformation equivalence classes of surfaces homotopy equivalent 
to S is exactly two. 


2 Inoue surfaces of type S'^ 


Let N = (riij) G SL( 2 ,Z) be a matrix with eigenvalues a > 1 , 1 /a. We 
choose eigenvectors a = ^(oi, 02) G and b = ^(&i, 62) G of iV correspond¬ 
ing to a and 1 /a respectively. Fix t G C and integers p,q,r, where r ^ 0 . Let 
9 = det(a, b). Define ci, C2 G R to be solution of the following equation 


(N-I) 




= 0 , 


where et = — l)ai&i -I- ^ni2{ni2 — 1)0262 + 7iiinj2&i02, and i = 1 , 2 . Let 

pq r de the subgroup of Aut(IHI x C) generated by 

go-.iw,z) !-)• {aw,z + t), 
gi:{w,z) !-)• {z + ai,w+ biZ + a), 
g3:{w,z) 1 -^ {z,w-e/r), 


where i = 1 , 2 . The quotient surface S// pqrtab~^^ p q r called an 

Inoue surface of type 5 '+. 

We have the following relations: 


ffofflffo ^ 

= 9T^92^^9l: 

(3) 

909290 ^ 

= 91^" 92^^91, 

(4) 

9i929i^92^ 

r 

= 93 ^ 

(5) 

9i93 

= 939i: 

(6) 


where i = 0 , 1 , 2 , 3 . Any element g G Gjvpcjr de written uniquely as a 
product g = 11^=0 where no,ni,77,2,713 are integers. Thus, G^vpijr ^ 
presentation in terms of the generators go, gi, g2j 93: with relations dSl) - dH). The 
center of ^ ^ ^ is an infinite cyclic group generated by (73. 
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Notation Let G be a group. We denote by Lg the normal subgroup 

{g G G\g mod[G, G] is of finite order}, (7) 

where [G, G] is the commutator subgroup. 

The subgroup rg,+ of G^ has the following properties: 

N ,p ,q,r 

(i) ^( 3 + is generated by 51,52,ff3, 

^ N,p,q,r 

(ii) the center of r( 3 + is an infinite cyclic group generated by 53 , 

N,p,q,r 

(iii) the quotient group of r^+ by its center is a free abelian group of rank 
two generated by the classes of 51 and 52 , 

(iv) the quotient group Ct infinite cyclic group generated 

1P1H1 ^ N,p,q,r 

by the class of go. 

Lemma 2.1. Inoue surfaces 5'^pgrtab ^n' p'q'r't'a'b' constructed 
above are homotopy equivalent if and only if there exists K G GL{2,1i),S,e G 
{1 ,-1 } such that 

r' = SdetKr, 

N' = KN^K-^, 

(5 ^ ^ - eif ^ ^ ^ G rZ^ + (iV' - 1)1? 

Proof Assume that homotopy equiva¬ 
lent. Then, there exists an isomorphism ip : G^, p, —>■ G^ p q r- property 

(ii), ipig'o) = 5 I for some 6 G {1,-1}. From property (i), there exists integers 
kii , ki 2 , kio such that 

M ( 11 ) 

where f = 1,2. We infer from property (iii) that if we let K = {kij)ij=l^ 2 ^ then 
K G GL(2,Z). Property (iv) implies that there exists e G {1,-1}, and integers 
h? 2 ,l 3 such that 

Hg'o) = ( 12 ) 

By relation ([5]), we obtain ([5]). For the sake of simplicity, let n[o = p', = 

q'. Suppose e = 1. By (ED and , we have 


( 8 ) 

(9) 

( 10 ) 
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^i9o9i9o 

V={9T9T97n 


(feil,fci2)’^(nil,Tl2l) (fcil,fei2)'^(ni2,n22) fei3 + (fcil ,^12 (p,?)+>’(fcil ,fci2 )’^ (-^2 1 )+I’a 

9i 92 93 

(”il>'^i2)'^(^ll>^2l) (ji'i,Tl'2)’^(fel2,fc22) (n'j .n'j (fcl3 .^23 ) + <5"i3+’'6 

5i 52 93 j 


where i = 1, 2 and a, 6 are integers which depends only on K^N, and N'. Thus, 


,5 


KNK-^ 



e 


N\ 

(iV'-/)Z2+rZ2. 


Similarly, if e = — 1, we obtain KN ^ = N' and 


I)Z^ + rZ^. 

Hence, we get ([9]) and m- 

Next we show the converse. Recall that the diffeomorphism type of solv- 
manifolds is determined by the fundamental group. Since S'^ p qrt at 
^N' p’ q' r't' a' b' both solvmanifolds [5] , it suffices to show that G^, 
and G^ ^ ^ ^ are isomorphic. By (fTOll . there exists fcia, /C 23 , u,v gZ such that 


S 


P' 

q' 


- eK 


P 

q 


{N' -1) 


ki3 

^23 



Suppose e = 1. Let h^h be integers which satisfy the following equation: 


—I 2 

h 



The desired isomorphism ip : G^/ p, —>• G^ p 5 r i® given by 

Pi9o) = 9 o9i97 
‘fiq'i) = 979^97. 

^( 93 ) = 53> 


where i = 1, 2. The case e = — 1 can be proved similarly. 


□ 


In [3], Fujimoto and Nakayama introduced the group T^ to construct a sur¬ 
jective holomorphic map from p qrt ab itself. We apply their method 
to construct a biholomorpic map between two Inoue surfaces of type S'^ with 
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different parameters. However, we will assume that r = r', which is enough to 
show our main theorem. We first review its definition. Let x Z[r/2], 

where Z[r/2] = Z if r is even, and ^Z if r is odd. The group law of T,, is defined 
as follows: 

(C y)(C', y') = iC + C,y + y' + ^ det(c, C')). (13) 

where (, G 1? are row vectors, and y, y' G Z[r/2]. By (8.4) of [3], we have 

(N - I)c = -p, (14) 

r 

where c = ^(ci—ai 6 i/ 2 , 02 — 0262 / 2 ), andp = ^(p+(r/ 2 )niini 2 , q+{r/ 2 )n 2 in 22 )- 
Let /i : r(.,+ -G Lj. be an injective homomorphism given by 

N,p,q,r 

9[^92^9i-^{{hM)M + lil2'^)- (15) 

The group T^ acts on H x C as follows: 

(w, z) ^ (C, y){w, z) = (^w + (a, z + {Cb)w + /c - + i(Ca)(C^)^ • (16) 

The action above factors through T^ by /i. 

Let us review the endomorphisms of Tf. According to Lemma 8.4 of [3], an 
endomorphism ip of T^ can be written as 

<P(C, y) = Cv + (det K)y), 

for some K = [kij) G M 2 (Z) and v = ^( 01 , 02 ) G Z[r/2]^. Furthermore, 
End(rr) is anti-isomorphic to the semi-group M 2 (Z) x Z[r/2]^ via the map 

End(r^) ^ M 2 (Z) X Z[r/2]2 : p ^ (A', v), (17) 

where the multiplicative structure on M 2 (Z) x Z[r/2]^ is defined by 

(Ai,-yi)(A 2 ,'y 2 ) = {K^K 2 ,KiV 2 + (det A 2 )'Ui). 

Throughout this paper, we identify End(rr) with M 2 (Z) x Z[r/2]^ by (fT71) . 

Lemma 2.2. Assume that r = r'. 

(1) Any homomorphism r^+ —>■ r^+ lifts to a unique endomor- 

^N' ,pl ,q'y ^ 1 V,P,q,r 

phism of . 

(2) The pair {K,v) G M 2 (Z) x Z[r/2]^ is induced from a homomorphism 

rp+ —ifandonlyifvi — {r/2)kiiki2,V2 — {r/2)k2ik22GZ 

TV* ^ , T’^ y P t Q ^ 

where K = {kij), and v = ’^{vi,V 2 )- 
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(3) The lift of the automorphism i/ : 7 H> gojgn ^ of corresponds to 

N,p,q,r 

iN,p). 


(4) Letp : —>■ be an isomorphism such that p^g'^) = gog^f g^f 

for some integers Denote {K,v) G GL(2,Z) x Z[r/2]^ the lift of 

p|rg,+ . Then {K,v) satisfies the following conditions: 

N' ,p' ,q' ,r' 


KN = N'K, 


{N' — I)v = Kp — (det K)p' + Kr 


Vi - {rf2)kiiki2 e Z, 



(18) 

(19) 


where v = '^{vi,V 2 )- Conversely, assume that {K,v) G GL(2,Z) xZ[r/2]^ 
satisfies and © 1 ) for some integers h and l 2 - Let ip : rg,+ —>■ 

N' ,p' ,q' ,r' 

rp+ be a isomorphism whose lift corresponds to {K,v). Then, the 

'^N,p,q,r 

map 


■ n+ 


is an isomorphism, where 7 G rg,+ 

N' ,p' ,q' ,r' 


Proof Let ip : rg,+ rg,+ be a homomorphism. Then pig'i) = 

for some integers ktj, where z = 1,2 and j = 1,2,3. If we let 
K = {kij)ij=ip, we see that the endomorphism of L^ corresponding to 



kl3 + §^ 11^12 
^23 + §^ 21^22 


G GL(2,Z) X Z[r/2]2 


is the lift of p. This shows (1). It is obvious that {{li,l 2 ),\) G T^ is in the 
image of p, if and only if A — (r/2)lil2 G Z, hence we have (2). (3) follows from 
relations m and For (4), let t be the automorphism of rg,+ given by 

N,p,q,r 

the conjugation of 77 = g^fg^f. We define the automorphism v' of rQ+ 

N' ,p' ,q' ,r' 

similarly to v. Let p = p\T q+ Then, p(go75'o^) = 

N' ,p' ,q ,t' 

implies 


pov=voiop. ( 20 ) 

Since the lift of l corresponds to (/, r’^(— 12 , ^i)), we obtain 
{N',p'){K,v) = {K,v){I,r'^{-l 2 ,li)){N,p), 
which is equivalent to (IT^ . 

We now show the converse. By assumption, we have (1201) . It follows that p 
is an isomorphism by calculation. □ 


Lemma 2.3. Assume that r = r' and that there exists K S GL{2^7j),c > 
0,u,v G h sueh that 


KNK-^ = N', (21) 

ca' = Ka, fb' = cKb, (22) 

ft' -t= - ^{r]a){'qb) + 'qc+]-{r]a){'qb) - -hh, (23) 

Q — 1 2 r 

V e 


where f = ———, and rj = {h, I 2 ) is a solution of the following equation: 


(TV' - I) 


u + ^kiiki2 
V + ^^ 21^22 


+ (det K)p' = Kp + Kr 


-h 


(24) 


Then ^ „ 5 


and S^, p, j/ are biholomorphic. 


Proof Let (/?:HxC^-]HIxC: {w, z) ha {cw + d,ew + fz), where 

rv c 

d= --( 77 a), e=- -{r]b). (25) 

0—1 a — 1 

Set V = I ^”^2 11 12 \ (1211) and (l24l) . there exist an isomorphism p : 

V+ §fc2lfc22 J 

^N' p' q' r' ^jv pqr defined in Lemma 12.21 It suffices to show that <p o g’^o 
= gog^f g^f and (p o g' o = p{g') for any g' G LgH . Note that 

N' ,p' ,q' ,r' 

gogig 2 iw,z) = go{p{gig 2 ){w,z)). 

Hence we obtain po g'^o = gog^fg^f by (l23l) and (l25ll . 

Now, let r(, be a copy of L^. We define the homomorphism p' : rg,+ 

N' ,p' ,q' ,r' 

rj, and the action of LJ, on HI x C similarly to (ITSl) and (ITB)) respectively. Then, 

(fi o g' o ip~^ = p{g') is equivalent to ip[p'{g'){w, z)) = p{p{g'))ip(w, z). Thus, it 
is sufficient to prove that ip o {(, y) = {(K, (v + det Ky) o p for any (^, y) € LJ,. 

This is equivalent to (l2^ and 

—^( 776 ) 0 '+ / ("Cc'- —?/+i(Ca')(Cb')) = - ^^^^’h cKb) +(Kc- - {{det K)y + v) 

a — 1 \ r 2 J a — 1 r 

+ i(CiVa)(CiV6), 

for any {C,y)- By (122]), we obtain {-(C,a')((b') = ^(CKa){(Kb) and = 

2 2 r 

Q 

-(det/-^). It remains to show that 
r 
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] = c{Tjb)a'--{r]a)b'. 
-h / c 


By (fHl) and (IMl) . (E5)) is equivalent to 
0K 

V J 

Hence it suffices to show that Z{l 2 ,—li)'^ = 0 for 

Z = 6 K — ca'(& 2 , —bi) + —b'{a 2 , —oi). 

c 

This follows from Za = Zb = 0. 


□ 


Lemma 2.4. Assume that 


detK 


-K 


KNK 
P 


r = r, 

= N\ 


G rZ^ + {N' - 1)1? 


for some K G GL(2,'Z). Fix any t' G C and eigenvectors a',b' of N' corre¬ 
sponding to a, l/a respectively. Then, ^ qrtab deformation equivalent to 

^N',p',q',r',t'.a'.b' ^N' ,p' ,q',r',t',—a',b' ' 

Proof We use the isomorphism (p : G^, p, —>• G~^ ^ ^ ^ given in the proof 

of Lemma [2.11 By Lemma [2.21 the lift of v^|r^+ satisfies Choose 

N' ,p' ,q' ,r' 

t G C and eigenvectors d, b which satisfy (|22ll and (l23)) . Then ^ g 

is biholomorphic to p qrtab- that the choice of t does not affect the 

deformation equivalence class. Furthermore, if c > 0 and / G K. \ {0}, then 
^N,p,q,r,o,a.b and -5'^,p,g,,.,o.ca./b are biholomorphic by the map 

^N,p,q,r,0,aM ^ ^N.p.q.rfi.cajb ' ^ (cwjz). 

This proves the lemma. □ 


Let S^i^pi,qi,ri,ti,ai,bi ^6 Inoue surfaces homotopy equivalent to 
where i = 1,2. For each i, there exists Ki G GL(2,Z) and Si, a G {1,-1} 
which satisfies (l8|) - (flOll of Lemma [2T] By Lemma [2.41 we can easily show the 
following corollary. 


Corollary 2.5. IfdetKi = K 2 , 5 i = 62 andei = 
is deformation equivalent either to 


C2, 

or to S'^j_pj^^gj_ri,ti,-ai,bi • 


Proposition 2.6. The number of deformation equivalence classes of Inoue 
surfaces of type S'"*' homotopy equivalent to p qrt ab most 16. 
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Proof We first construct 16 surfaces which are homotopy equivalent to S't 


N.p,q,r,t,a.b' 


Let J = 


0 1 


^1 0 ^ 
and Q{d,S,e) satisfying 


. For every {d,S,e) G {1,-1}^, we choose integers P{d,S,€) 


( P{d,S,e) 
\ Q{d,6,e) 


-eJ‘ 





-d+1 d-1 


)Z 2 . 


Fix eigenvectors a{d, S, e) and b(d, S, e) of the matrix J ^ N'^J 2 correspond¬ 
ing to eigenvalues a and ^ respectively. Set 


Q+ 

^{d,S,e,+) 

Q+ 

{d,S,e,-) 


Q+ 

^ -d+l d-1 J 

J 2 N*^J 2 ,P{d,S,e),Q{d,S,e),dSr,a[d,S,e),b{d,S,e) 

^ -d+l d-1 

J 2 N^J 2 ,P[d,S,e),Q{d,S,e),dSr,—a[d,6,e),b{d,S,e) 


Now, let S' be an Inoue surface of type S'"*' homotopy equivalent to p q + t ab 
Write S' = Then, there exists K G GL{2,Z),e,S G {1,-1} 

which satisfies (0 - (Uni) . By Corollary [231 S' is deformation equivalent either 
^tdetK s e +) ^^det K s e -)’ This proves the proposition. □ 


3 Inoue surfaces of type S 


We first recall the definition of Inoue surfaces of type S~. Let N = {riij ) G 
GL(2, Z) be a matrix with eigenvalues a > 1, —1/a. We choose eigenvectors a = 
^( 01 , 02 ) G = ^(1)1,62) G of iV corresponding to a,—1/a respectively. 

Fix integers p, q and r, where r 7 ^ 0. Let 9 = det(a, b). We define ci, C2 G R to 
be the solution of 


(N + I) 


ei 

62 



= 0 , 


where Ci = ^nii{nii - l)ai 6 i -b ^ni 2 {ni 2 - 1)0262 -b nan, 2 bia 2 for z = 1, 2. Let 
^Np g r subgroup of Aut(]HI X C) generated by 

9 o-{w,z) (aw,z), (27) 

gi:{w,z) 1 -^ {z + ai,w+ biZ + c^), (28) 

0 

g 3 :{w,z) {z,w--), (29) 

r 


where i = 1,2. The quotient surface Sj^ pqrab — 'P/^n p g r i® called an 

Inoue surface of type S~. 
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By (ETll - (1^51) . we have the following relations: 

— 1 ^12 P — 1 ^21 ^22 Q — 1 — 1 /or\\ 

gogigo =Si 52 505250 = 5 i 52 53 = 505350 =53 = ( 30 ) 

5i525i ^52 ^ = 53 = 5 i 53 = 535 i; (31) 

where i = 1,2. As in section 2, we can show that any element g G ^ ^ ^ can 
be written uniquely as a product g = Hto g'i' = where no, ni, n 2 , n 3 are integers. 
Thus, Gjj p ^ ^ has a presentation in terms of the generators 50,51,52,53, with 
relations (1501) and (1511) . In this case, the center of Gj^^^ ^ is trivial. 

Let Tg,- be the subgroup of G'^ defined in ©• Since L^- 

N,p,q,r N,p,q,r 

is isomorphic to r^+ , properties (i), (ii), and (iii) of section 2 holds for 

N,p,q,r 

r^- as well. The quotient group GJr /Tp- is an infinite cyclic 

^ N ,p,q,r N,p,q,r 

group generated by the class of go. 

Lemma 3 . 1 . Inoue surfaces p qr at ^n' p' q' r' a' b' constructed above 
are homotopy equivalent if and only if there exists K G GL{2,'L),5 G {1,-1} 
such that 


r' = SdetKr, (32) 

N' = KNK-\ (33) 

5 ^ ^ - a: ^ ^ ^ e rZ^ + (A^' + I)Z^. (34) 

Proof The proof is similar to Lemma lOTTl Assume that p qrab ^n' p' q' r‘ 
are homotopy equivalent. Then, there exists an isomorphism y) : Gfq, p, ^ 
^Npqr- The properties above implies that there exists e,5 G {—1,1} and 
integers kij{i = 1,2, j = 1, 2, 3) such that 

¥^(5o) = 5S5^^52“=53“^ 

‘fig'i) = 5^''5^'53‘T 

Suppose e = 1. We have (l32l) . (|33)) and (l34|) by a similar calculation in Lemma 
12.11 If e = —1, it follows similarly that KN~^K~^ = N'. However this is a 
contradiction, since N' must have an eigenvalue 0 < a < 1. 

Next we show the converse. We construct an isomorphism ip : Gfq, p, ^ 
^N,p,q,r similarly to Lemma [2Tl Hence, p and ^N’,p',q',r',a\b' are dif- 

feomorphic to each other since they are both solvmanifolds 0 . □ 


,a' .b' 
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Lemma 3.2. Assume that r = r' and that there exists K G GL(2,Z),c > 
0, M, G Z such that 


where f = 


r] G I?,KNK-^ = N', ca' = Ka, fb' = cKb, 
and rj = (Zi, I 2 ) G Z^ is a solution of 


6 ' 


{N' + I)( j = Kp-{detK)p'- Kr ( V 

y 0 + 2 ^ 21^22 J V ^ / 

Then and biholomorphic. 

To prove this lemma, we apply T^ for Inoue surfaces of type S~. By replacing 

1 0 0 

(8.3) of [4] by I 0 Of 0 | , equation (8.4) of [4] becomes 

0 0-1 


{N + I)c= -p, 


(35) 


where c and p are column vectors defined in section 2. We define the homo¬ 
morphism p : Tp- Tj. by (fT^ . and the action T,. on H x C by (fTSl) . We 

N,p,q,r 

can show the following lemma similarly to Lemma 12.21 

Lemma 3.3. Assume that r = r'. Let p : Gfj, p, — >■ be an 

isomorphism such that p( 5 o) = gog\^9^2 Z®*" some integers Denote by 

{K,v) G GL(2,Z) X 
following condtions: 


{K,v) G GL(2,Z) X Z[r/2]^, the lift of plT^^ . Then {K,v) satisfies the 

^N',p',q' ,r' 


KNR-^ = N\ 


{N' + I)v = Kp — (det K)p' — Kr 


-I 2 

u 


Vi - {r/2)kiiki2 G Z, 


(36) 

(37) 


where v = '^(vi,V 2 ). Conversely, assume that {K,v) G GL(2,Z) x Z[r/2]^ 
satisfies iS6\} and (37^ for some integers li and ^ 2 - Let p : Tq- 

g; 


N' ,p^ ,q' , 

r^- he an isomorphism whose lift corresponds to (K^v). Then, the map 


^N,p,qp 


P ■ Gw'.p'.q'.r' ^ ^N,p,q,T ■ 9o°3 ^ )'^(b) , 

is an isomorphism, where 7 G L^,- 
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Proof of Lemma l3.2l Let (^:EIxC—J-lHIxC: {w,z) {cw + d, ew + fz + g), 
where 


d = 


a 


1 — a 


ga, 


e = c- 


a 


gb 

TT’ 


1 0 1 . 

9 = 2 ^-dvb -gc+ -I 1 I 2 ) + -{ga){gb). 


Set V = 


U + §fciifci2 


. It suffices to show that ip o g^o ^ = gog\; g ^2 


o (C, y) = (C^, C,v + det Ky) o p for any (C, y) e L^. 

This can be proved similarly to Lemma 12.31 by using (1351) and (l36ll . 


□ 


Corollary 3.4. Assume that there exists K G GL(2,Z) such that 


r' = r,KNK-^ = N', 

det X ^ ^ ^ ^ ^ G rZ^ + {N' + 1)1?. 

Fix any eigenvectors a',b' of N' corresponding to a, —l/a respectively. Then, 
^N.p,q,r,a,b deformation equivalent either to or S-,y f,,. 

Proposition 3.5. The number of deformation equivalence classes of Inoue 
Surfaces of type S~ homotopy equivalent to p qrab than or equal to 

8 . 


The statements above can be shown similarly to section 2. 


4 Deformation equivalence classes of Inoue sur¬ 
faces of type or S~ 

In this section, we first review the classification of compact surfaces with 
= 1,^2 =0. Then, we show that the number of deformation equivalence 
classes of surfaces homotopy equivalent to an Inoue surface of type 5°,5+, or 
S~ is at most 16. 

Proposition 4.1. Let S be a compact surface with 61 (S') = 1 and 62 (S) = 0. 
Then S is either an elliptic surface, a Hopf surface, or an Inoue surface of type 
S°,S+ or S-. 
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Proof Let k{S) be the Kodaira dimension of S. Since bi{S) is odd, k{S) is 
either —oo,0 or 1 . If k{S) = 1, then S is elliptic [I]. If k{S) = 0, S must 
be a secondary Kodaira Surface, which are elliptic [1]. By Bogomolov [2] and 
Teleman [10], if k{S) = —oo, S is either a Hopf surface or an Inoue surface of 
type or S~. □ 

By i and the results of sections 1 and 2 , we see that Gm, ^ ^ ^ ^ ^ 

has the following properties: 


Gm 

trivial center 

^Gm 

abelian 

^N,p,q,r 

infinite-cyclic center 

^G+ 

N.v.a.r 

non-abelian 

^N,p,q,r 

trivial center 

Bg- 

N.v.a.r 

non-abelian 


Table 4.2 

Let S be an Inoue surface of type 5'°,5+, or S~, and S' be an elliptic surface with 
61 ( 5 ") = 1, b 2 {S') = 0. By the proof of [3 Chapter II Theorem 7.16], if 7 ri(S") is 
non-abelian, then the center of 7 ri(S") is isomorphic to either Z 0 Z/nZ(n > 1) 
or 1?. Hence, 7 ri( 5 ') is not isomorphic to 7 ri(S''). Recall that a Hopf surface is 
by definition, a surface with universal cover \ {0}. Thus, S cannot deform to 
elliptic surfaces or to Hopf surfaces. Furthermore, Proposition l4.1l and Table 4.2 
implies that any surface deformation equivalent to S must deform through Inoue 
surfaces of the same type. Therefore, the number of deformation equivalence 
classes of surfaces homotopy equivalent to an Inoue surface with 62 = 0 is at 
most 16. 


5 Elliptic Surfaces and Hopf Surfaces 

To complete the proof of our main theorem, we must consider the case 
when 5 is a Hopf surface or an elliptic surface with bi{S) = 1 and 62 (*5') = 0. 
According to [3. Chapter I Lemma 7.20], if S' is a Hopf surface with a non- 
abelian fundamental group, then S is elliptic. It is also known that if S is an 
elliptic surface whose fundamental group is abelian, then S is a Hopf Surface 
[3. Chapter H Proposition 7.5]. Hence, we may assume that S is either an 
elliptic surface whose fundamental group is non-abelian, or a Hopf surface with 
an abelian fundamental group. 

Proposition 5.1. Let S be an elliptie surfaee with bi{S) = l,b 2 {S) = 0. 
Assume that 'Ki{S) is non-abelian. Then the number of deformation equivalenee 
classes of surfaces homotopy equivalent to S is at most two. 
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Proof According to [5], S' is obtained by performing logarithmic transforma¬ 
tion finitely times over CP^ x E, where £1 is a general elliptic curve. Since the 
base CP^ is simply connected, S is an elliptic surface with cyclic monodromy. 
Let S' be a surface homotopy equivalent to S. By [3. Chapter II Corollary 
7.17], S' is deformation equivalent either to S or to where S™"-’ is the 

conjugate complex manifold of S (See [3. Chapter II Definition 7.13] for the 
definition of S'^®"-^). □ 

Proposition 5.2. Let S be a Hopf surface whose fundamental group is 
abelian. Then the number of deformation equivalence classes of surfaces ho¬ 
motopy equivalent to S is finite. 

Proof We refer to [3. Chapter I Section 1.7.6] for details. If 7 ri(S) = Z, the 
number of deformation equivalence classes of surfaces homotopy equivalent to 
S is one since Hopf surfaces with an infinite-cyclic fundamental group are all 
deformation equivalent. If 7 ri(S) = Z 0 Z/nZ(n > 1), S is diffeomorphic to 
Si X L{n,q) for some q G ifLjnlL)*^ where L{n,q) is a lens space. Since the 
choice of q is hnite, the number of deformation equivalence classes of surfaces 
homotopy equivalent to S must be hnite. □ 

Remark By the discussion of [3], the number of deformation equivalence 
classes of surfaces diffeomorphic to S is at most two. 

This completes the proof of our main theorem. 
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